Integrals of motion of classical lattice sine-Gordon system 

B. Enriquez and B.L. Feigin 

Abstract. We compute the local integrals of motions of the classical limit of 
the lattice sine-Gordon system, using a geometrical interpretation of the local sine- 
Gordon variables. Using an analogous description of the screened local variables, we 
show that these integrals are in involution. We present some remarks on relations 
with the situation at roots of 1 and results on another latticisation (linked to the 
principal subalgebra of s^2 rather than the homogeneous one). Finally, we analyse a 
module of "screened semilocal variables" , on which the whole s^2 acts. 



Introduction. 

In this paper, we analyse the classical limit of a lattice version of the sine-Gordon 
system. It consists of g-commuting variables set on a line lattice, representing as usual 
densities for the screening charges. 

CK We first determine expressions for the local integrals of motions of this system. 

For this, we formulate this problem in terms of the cohomology of the action of the 
screening operators on the module generated by a finite number of lattice variables. 
D It has been known for some time ([F]) that this is an action of the nilpotent part 

^ of s£2] here we interpret the space of lattice variables as an homogeneous space for 

^ this action. We find that lattice variables are coordinates on the Schubert cells of 

S L2{C{{X~^))), which are an affine version of the Demazure desingularisation. We 

l/^ give explicit formulae for the cocyles and the integrals of motion. 

^ We then solve the same problem (less explicitly) for an other lattice version of 

sine-Gordon, which can be generalised only to s£n (whereas in our main approach 

^ the problem can be formulated for arbitrary affine Kac-Moody algebras). 

Coming back to the main setting, we show that the integrals of motion commute 

^ in Poisson sense. For this, we study their action on the variables on the whole line. 

"*7* To this end, we analyze first "screened" variables on the line (that is, the module 

^ generated by the screening action on the lattice variables); they are endowed with 

4^ an action of the whole algebra s£2 (at level zero). We are then able to show that 

the Hamiltonian vector fields generated by the integrals of motion correspond to the 
action of a commutative Lie algebra on a homogeneous space of s£2- 

We then study "screened semilocal quantities", containing in addition to the 
variables above "half integrals of motion" (that is, integrals on the half line of densities 
of integrals of motion). We still obtain a homogeneous space of s^2, equal (up to 
completion) to S L2{C{{X~^)))/ H (where H is the Cartan subgroup). We study the 
Poisson structure of this space; it is connected to the trigonometric r-matrix. This 
study enables us to precise the result on the Hamiltonian vector fields generated by 
the integrals of motion. 

We hope that this group theoretic interpretation will be useful for constructing 
solitonic solutions of this system. 
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Let us note finally that related lattice approaches to the sine-Gordon systems 
were developed by Izergin and Korepin ([IKl], [IK2]). 

1. Formulation of the problem of integrals of motion. 

Consider a system of variables Xi^m^i G Z, with relations XiXj = qxjXi^myj = 
qVjVt.x.yj = q~^yjX,,y,Xj = q~^Xjy, for i < j, and x,y, = q'^y^x, (we can consider 
this system as obtained from ZiZj = qzjZi^i < j by posing Xi = Z2i,yi = -22i+i)- "^^^ 
operators E"*" = ^^^2 ^« ^~ ~ Siez y« lattice analogues of the screening 
charges of the s^2 Toda system. Lattice analogues of local conservation laws are 
quantities "^-^2, Pi^i^Vi^ ' ' ' 7 ^i+d), commuting with E"*" and E~. We are going to 
determine the classical limits of these conservation laws. 

2. Cohomological interpretation and classical limit. 

Let us give variables Xi and yi the degrees +1 and —1 and pose [a, &]g = 
ab — q'^^^ '^^^^ba. Then there is an action of the negative part Uqb- of Uqs£2 on 
C[x,,y,,E+,E-] by Q±{x) = [E±,x],,A» = /^s^x (here E+ = E7ZlX^ and 
E~ = ^i^i yi)- The polynomial P will be a density for a conservation law if there 
exist polynomials tp^ such that Q±P = (T — {T is the shift operator). Then 

if)^ will be a 1-cocycle for the action of Uqb- in C[a;i, y^, E^]. So the problem of 
quantum conservation laws is equivalent to the computation of cohomology classes 
if) G -ff"^(?7g6-|-, C[a;i, yi, S^]), such that il){Q^) are independent of E^, and of the 
map T — 1 in cohomology. 

We will be interested in the classical version of this problem. The classical limits 
of operators Q±, K form an action of 6_ by vector fields 

o+ = E^"(i|-+Ei^-Ei|-).0- = E^"(ii|+E^-E^)- 

zGZ j>i ■' j>i ■' ieZ j>i ■' j>i ■' 

where Xi = e^' and yi = e"'' . 

Let us suppose that tp^ depend on variables xq, yo, • ' ' ? ^/t, J/A; ; we can write 
the operators Q± on C[xo^ • • • , y^t] (g) C[S±, {S_|_, S_}', • • •] as Q± = Q± (g) 1 ± (g) 
"^(S±) + 1 ® {E-i-,-}', where m(E-i-) is the operator of multiplication by E-t, and 
{a, 6}' = {a, &} — (deg a)(deg 6)a6. Here Q±^H are vector fields on C[a;o , • • • , y/t] 
given by formulae (*) with summation over z = 0, • • • , A; ; they still form an action of 
6_. 

Lemma. — The polynomials t/j^ form a cocycle (resp. coboundary) for the action 
ofri- by operators Q± on C[xo^ • • • , yk] ® C[E-|-, • • if an only if they form a cocycle 
(resp. coboundary) for the action ofri- by Q± on C[xo^ • • • , yk]- 



2 



Proof. The coboundary statements are obvious. For the cocycle statements, the 
first implies the second by consideration of terms of type x (x) 1 in the identities. 
That the second statement imphes the first is the resuh of a long but straightforward 
computation. 

■ 

Note that the condition that degtp~^ = —degtp~ = 1 is equivalent to the con- 
dition that the cocycle t/j^ can be prolongated to a cocycle of 6_, with "tp^H) = a 
constant. 

3. Homogeneous spaces under 6_ 

Recall that the representation of UqU- in g-commuting variables comes from 

the sequence of morphisms UqU- -^{UqU-)®"^^ — )• C[x i ^ yi\i=i ^. . . ^2k ^ where the last 
map is the alternating product of morphisms UqU- — )• C[a;i],(5+ i— ^ Xi^Q- i— > 
1, and UqU- — )• C[yi],(5+ i— ^ ^ Hi- Recalling the Hopf algebra isomor- 

phism UqU- ~ C[iV_|_]g, we see that the map UqU- — )• C[a;i,yi] has for classi- 
cal limit the embedding of in iV_|_, {xi,yi) i— )• . ^* ^ ' Accord- 
ingly, the classical limit of C[iV_|_]g ~ UqU- — )• C[x i , yi\i=i ^. . . is dual to the map 
_^ N-^-,{xi,yi) I— ^ri(j)^. l)(o 1 )' generally, we have also al- 
gebra morphisms C[iV_i_l„ — )• C\x-\,y-\ • • • , x/v, y/v, x/v+i 1 whose classical limit are 

.:,.,...„,..„.,.(.. ;)(;..).(.,;,. ;).„.„.....,. 

— )• A^_|_ are Poisson morphisms, in fact the image of (C*)^ is dense in a symplec- 
tic leaf of A^_|_. Indeed, images of have dimension iV, and images of iV-uples have 
the respective forms 



for 


(xi, 


,yi • ' 




for 


(xi. 


,yi, • 


■ ■ Uk-iXk+i), 


for 


(yi, 


X2,- 


■ ■ yk,xk+i), 


for 


(yi, 


X2,- 


■ ■ ,xk,yk), 









^X'' + ■■■ 






*X'' + ■■■ 


*X'' 




^'A'^+i + • 


■■ ^X^" 


+ ■■ 


H^'A*^ + ••• 


H^A^^-i 


+ ■■ 


H^A*^ + ••• 


H^A^^-i 


+ ■■ 


H^A^^-i + •• 


• H^'A*^ 




H^A^^-i + •• 


• H^A*^ 





(the *' are not zero if the Xi^yi are not zero), whereas the symplectic leaves of iV_|_ 
are the preimages of the i?_-orbits on G/B- by the injection iV_|_ — )• G/B- [here 
G = SL2iC{{X-^))) and 5_ = 7r-\B), where vr : S L2iC[[X-^]]) SL2iC) is 

defined by A~^ i— )• and B = ^-i^j" SL2{C)], according to Semenov- 

Tian-Shansky [STS]. The i?_-double cosets in G are the double classes of affine 
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Weyl group elements, so that the images of (C*)^ by these morphisms are dense in 
B-wB- 1 B-, w respectively equal to 

A-*^ 0\ / -A-'^-iN /A*^ \ / -A*^-! 

A'^y'^A'^+i y'VO A-^^y ' vA-'^+i o 

For each of these spaces, the vector fields Q± get identified with the natural transla- 
tion action of 6_ on B-wB- / B-. 

We further identify with B-/ B-HB"^, where B"^ = wB-w-^;B-n 

B^ are respectively the groups of matrices of the form 

fa A-^'^-icN fa A-^'^-^cN / a \-^c\ f a \-^c\ , , r-rrx-n 
[b d )\b d )\\-^H d d )^^^b,c,de (^[[\ J 

Finally, B-/B- f] B"^ can be identified with the varieties X'^ C[[X-^]]/ X'^'"'^ 
C [[X-% A-iC[[A-i]]/A-2'^-2C[[A-i]],C[[A-i]]/A-2'^ C[[X-% C[[X-]]/ X-'''+' 
C[[X ^]], by associating to p,p',a,a' in these vector spaces the right cosets of 

(o i) ^^^P^^*^^^^^ ^^^^*^°"°^^^^[[^"^]] ^ 

A^C[[A-i]]/A-'^C[[A-i]],e = or 1). The action of ^ = ^ ^ d^^ G 5_ on these 
affine varieties is then given by the homographic transformations 

ap-\-c/X I ap'-\-c/X b -\- da , b -\- da' 



bp -\- d ' bp' -\- d ' a + ccr/A' a -\- ca' / X 

We can make more explicit the maps from (C*)^ to A^C [[A]]/A^~'"^C [[A]] : 

(a;i,yi, • ■ ■ ^ Xk.yk) ^ P = ^ mod A~^''~\ where 

1 0\(1 yA (I 0\ A yA^fAk Ck\ 
Xx, lj\0 lJ"'\Xxk lj\0 l) \Bk DkJ' 

(xi, yi, • • • Xk-\-i) I— > /?' = mod A"^*^"^, where 

1 o^ f I o^ f A'j^ c'^ 



Xxi Ij \Xxk+i I J \B'^ D'^ 



(yi, X2, - ■ ■ , Xk+i) I— > cr = mod A , where 



I yi\ (I = 

I "' \Xxk+i 1 / \Bk Dk 
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{yi,X2,- ■ ■ ,Xk,yk) ^ cr' = ^ mod A ^''+^ where 

This defines 6_-module injections C[cri] = C[B-/B- D B^] ^ C[a;i,yi] in the 
two first cases, and C[pi] = C[B-/B- D B^] ^ , y~"^] in the two last (pi = 

4. Computation of cohomologies. 

Let us consider a point h-{B- OB^) where the mapping B-/B- OB^ — )• (C*)^ 
is regular and the local ring at this point : it is isomorphic to the coinduced module 
Ub- (^jj^'^ nb"^) then have the sequence of maps 

H\b.,C[BjB.nB-]) ^ H\b.,C[xf\yt']) ^ H\b.,{Ub. C)*) 

The last space is isomorphic to H^(b- fl b^), by Shapiro's lemma. If we find rep- 
resentatives for classes in this space by functions in C[B-/B- D B^] their images 
in H\b-,C[xf^,yf^]) wiU not vanish. Pose = b-/b- nb"!^. Then H\s^) = 

(sw /[sw, Su,])* . Then Sji,] is spanned by the classes of the (^'^q A~*)'^~ 

i < 2k, 2k + 1, 2k, 2A; — 1 in the four cases we considered, and H^(siu) is spanned by 

the forms (fi : x(\) i— )• | resoo^^^r ( g y j x(\). 

Let us show now how an element of H^{sw) can give a cohomology class in 
H^(b-,Fun(B-/ Sw))- Let us choose a section a of the projection B- — )• B-/Sw For 
X G &- and x G B-/ we write (l-\-eX)a(x) = a(xe)(l-\-es(X, x)-\-o(e)), with S lin- 
ear in X with values in s^j- Then for (p G {sw/i-Sw^ -Sw])* we pose fx{x) = {(fi, ■s(X, x)) ; 
it is a 1-cocycle of 6_ in Fun(i?_/S'u,). Let us choose for a the maps p,p' i— )• 

ing to (^^ are the maps /3^(p) = iresoo^tr Q _°;V*)(o /)^(o 1 
formula for p' , fx{a) = \vesoo^iv ^ 1 ) ^ ( ^ 1 

More explicitly, we have the cocycles of 6_ in C[/9i , • • • , such that fl^^-i = 
1 , f'f^.j = -pi-j Jlx-" = flx-k' = if k ^ I , k' > 1, and the cocycles g'^ of 
b- in C[ao,- ■ ■ ,crn], such that gl^_i = 1 ,glx-j = cr,-j ^glx-" = 5'/A-*' = 
k^i , k' >0. 

Remark. The action of 6_ and the cocycles can be expressed as follows, on the 
manifold B-wB- D iV_|_ : the action of X G &- at the point g G B-wB- D iV_|_ is 
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^xg = g{g "^^5')+ ; to express the cocycle corresponding to A*/i(z > 0) we use the 
embedding A^_|_ ^ G/B- ; the formula is then fx{g) = TesQo^tT(yhg~^Xg)^X G 
b-. This gives formulas for the cocycles in terms of Xi and m (and not their inverses). 

5. Computation of T and / in cohomologies. 

Let tp^(xi, yi, ■ ■ ■ , Xk,yk) belong to Z^(b-, C[xi, - ■ ■ , yk]) ', then we have cocycles 
Ttp and Itp in Z^{b-, C[xi,- ■ ■ ,yk+i]), defined by {Itp)^{xi,- ■ ■ ,yk+i) = tp^{xi,- ■ ■ ,yk), 
and (T't/j)^(xi , • • • , yk+i ) = V'^(^2 , ■ ' ' ? Uk+i )- -^V' the image of ?/> by the 6_-module 
map / : C[a;i , • • • , j/yt] — )• C [xi , • • • , yyt_|_i], Xi^yi i— )• Xi^yi. Recall now the maps 
C[pi,- ■ ■ ,p2k] C[xi,- ■ ■ ,yk], C[pi,- ■ ■ ,p2k+2] C[xi,- ■ ■ ,yk+i]- Then / corre- 
sponds to the map C[/9i, • • • , p2k] — ^ C[/9i, • • • , /32A;-i-2], Pi ^ Pi- Indeed, recalling the 
notations of section 3, we have 





C'k 

Dk 


Ck+1 

Dk+1 




C'k 

Dk 


yk+iAk + (1 + Xk+iyk+i)Ck 
yk+iBk + (1 + Xk+iyk+i)Dk 


= -Vk+i ■ 




Ck + i 




Vk + l 




X '^^ ^C[[A ^]], since Dk and Dk+i have 




Dk + i 




Dk + 1 



degrees in A, k and k It means that the classes in A "^C[[A "^]]/A "^^ "^C[[A 
of pk and pk+i are the same. We deduce from this that the map / corresponds to 

A-*^ 



the map C[5_/5 n 5""=] C[B-/B 5""=+!], u;^ = ^ -\k induced by 

the natural projection, and that it induces in cohomology the map / : H^(siu^ ) — > 
{siu^_^^ ) coming from the injection — )• s^j^. In particular it maps the class of 

P G Z\b-,C[pi,--- ,pk]) to the class of f G Z\b-,C[pi, ■ ■ ■ , pk+i]). 

Let us now compute T in cohomology. Let us consider the map T : C[a;i , • • • , yk] — ^ 
C[a;i , • • • , j/yt+i], Xi^yi i— )• Xi^i^ Vi+i ■ It is the composition of the maps Ti : C[a;i , • • • , j/yt] 
C[yi,X2,- ■ ■ ,yk+i], x,,y, x,+i,y,+i, and T2 : C[yi,X2,- ■ ■ yk+i] C[xi,- ■ ■ ,yk+i], 

•^i ■) 

yi ' ^ Xi^yi . 

Let us define algebra isomorphisms from C[cro, • • • , C2A;] to C[/9i , • • • , /92A;] ® 
C[yi"^] by cr = X;-=o = -^^^ where p = Y^^^^i Pt^~\ and Tl, from 

Cbi,---,P2fc+2] to C[(7o,---,(72/c]®C[x-^] by = where = E?=TV'z^"'- 

The inverses of these correspond to Ti and T2 . 

T[ and T2 are n_-module morphisms if on C[/9i , • • • , /92A;] ® C[y]~"^], eA~"~"^ , /iA~", 
/A~" act respectively as the vector fields 

d ^ d ^sr^ d v^/\^ x d 
^ ,2yi^ h2 > /9fc- ,- } {} ^Pzpk-z)^ 

dpn+l dpn dpn+k f^^ fr'^ dp^+k 

(in the last expression we set po = yi), and on C[cro, • • • ,C2A;] ® C[a;^"^], by 
N - N - d \ - d d 



k>-2 ^T^1 C'^^^+n+l ,7^1 C*^. 
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where in the two first expressions we set cr_i = xi. 

Then we have maps of cohomologies H^{b-,C [pi, ■ ■ ■ , P2k]) C 
^/— 1 ^ ^ 
[pi,---,p2k] ® C [y-^]) H\b-,C [ao,--- ,(^2k]) and H\b-,C [ao, ■ ■ ■ ,(^2k]) ^ 

H\b-,C[ao,--- ,a2k] ® C[x-^]) ^ H\b-,C[p[, ■ ■ ■ , p'^f^^^]), where the two first 
maps associate to the cocycle (p in Hom(6_ , C[/9i , • • • , P2k]) or Hom(6_ , C(cro , • ' ' ? '^2A;]), 
the cocycle defined by Lp(eX~^) = (p(eX~^) (x) = ® 1- 

The image by ~ of /* G Z^(b-,C[pi, - ■ ■ , p2k]) the cocycle /* , such that f^^-i = 
1 ' ^/A-J ~ ~Pi-j ' -^/A-' ~ ~yiT ffx-k" ~ fix-''"' ~ fix-''' ~ 7^ ^ 5 k' > 

,k" > i ; the image by ~ of G Z^(b-, C[cro, • • • , (72^;]) is the cocycle g\ such that 

if A;' 7^ z , A;" > z + 1 , A;'" > 0. 

Let us compute the classes of T^'~"^(/*) and T2~"^((/*). The mapping if"^(6_,Fun 
^ is defined as follows ([G]) : to the cocycle {X ^ <px) ^ 

(b- ,Fun(B - / )), we associate the form X G s"' i— )• (pxieS^). This operation is 
impossible here because eS^ corresponds to ctq = • • • = (72^; = in the first case, and 
Pi = ■ ■ ■ = P2k+2 = in the second, where the function yi = (resp. xi = p^ ) 
is not defined. So we will use evaluation at another point of B-/S^. Let 6_ G B- ; 
the stabilizer of b-S^ is b-S^bZ} ■, and the natural map {b - ^Yxm.{B - / S^)) — > 
H^b-S^'bZ^) is (X ^ px) ^ (X G bs^'bZ^ ^ (^x(&-^"')) ; finally we have the 
natural map 

H'(b.,Fnn{B./S^)) ^ H'{s^),{X ^ px) ^ {X e ^ p,_^,-j{b.S^)) . 
For T^'~^(/*), we choose b- = ,a ^ 0. Then 

^b.(X-" f)bZ^ ~ ~Pi-'^^^b.(X-"h)bZ^ ~ ~ ^'^Pi-n ? ^b.(X-"-^e)bZ^ ~ 

= —aSi^n+i — oP' Pi-n-1 (posing again po = y^^ = (Ji^)- We are only interested in 
^b (X-"h)b~^(^-^^) ~^in- So Ti maps the class of /* to the class of —g\ 

For T^'^ig'), we choose &- = (^J ^^,/37^0. Then Pb_(x-'^h)bz' = 

So T2 maps the class of y* to the class of — /*. 

In conclusion we see that in cohomology, T — / is equal to zero. It means 
that for each A;, we have k integrals of motion corresponding to polynomials in 
, J/i , • • • , , ]. 
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We can repeat the reasoning for the other algebras C[y-^ , • • • , "^], etc., and 
obtain for cohomologies of the diagram of algebras 



'1 ' 



•Vk 



'1 1 



the diagram 





-1 1 I 



1 i^k+l\ 




C[y2 \ ---,yfc+i] 



Ch 



2k 
i=0 



2A;+1 



CYh 



i=0 



Ch 





(**) 



2k 



Ch 



i=0 



2k+l 

cyh 

i=0 



Let us denote the space of integrals of motion in x-^ , • • • , y^ by IM{x-^ , • • • , y^ ) : 
it is the subspace of C[a;^ , • • • , y^ ]/Im(T — 1) of classes of polynomials P whose 

Poisson brackets with ^i^SiLi Vi Im(T — 1). Let us remark also that 

the part Ch of the cohomology corresponds to a trivial cocycle if)^ = 0, V'" = 1- We 
summarize our results : 

Proposition. — The spaces IM (a^^"^ , • • • , y^_^;^), IM (x^'^ ^ ■ ■ ■ ^ x^^^)^ IMiy^'^ ^ 
■ ■ ■ 7 ^^^2)' ^-^{1^2^ 7 ■ ■ ■ 7 y^-f 2) graded linear spaces of respective dimensions 2(k — 

1),2A;-1,2(A;-1),2A;-1. Setting I M(x-\ ■■■ .y'^) = %^ CI,(x-\ ■ ■ ■ .y'^), etc., 

s=l 

the identity and the translation induce maps between the spaces IM(x^^ 7 ' ' ' 7 yk^)j 
I M {x^^ , ■ ■ ■ , x^]^-^) , etc., analogous to (**). 
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6. Expression of the integrals of motion. 

Let us consider the cocycle X^^~^^h G , C[a;^"^ , • • • , x^^-^]). By the map 

C[a;^"^, • • • , a^^^;^] — C[p[^ • • • , /?2A;+i] (sect. 3), X^^~^^h is identified with the class of 
j2k+i ^ Consider now the map Ti : C[x^^ ^ ■ ■ ■ ^ x^^-^] ^ C[y^^ ^ ■ ■ ■ ^ x^^^It ^itUi ^ 
Xi-i-i , yi_|_i . The class of the cocycle Ti/^*^"*""^ G C[yj~"^, • • • , a;^^2])7 defined by 

{Tip''+^){Q±) = Ti{P^+^{Q±)) coincides with the class of -g^^+\ 

Let us write Tip^^'^ + g'^^^'^ = dip. By the identification of C[yj"\ 
with C[cro, • • • , cr2jt_|_-^], we see that we should have Chx-j(fi = 2Sj^2k+iT^eX-'V 
a2k+i-i, jCfx-i^ = —(^)2k+i-i- The third equality gives us equations satisfied by 

^(^{^ao ■■■ j = '^(^o,(Ti,---) : ^ = -(i)2/c+i-z. Write now (To + 

^lA-i + • • • = exp (Wo + E«>i e«A-0- We have E„>o = ^rk (with Co = 

Wo), so Z)a>o^*-a|^ = "^^-t I^T = (i)a-'t- We thus obtain = -6/t+i and 
check that the two first equations on (f are satisfied. 

Consider now the map T2 : C[y^^ ^ • • • , ^^^^2] ~^ ^[^1^ ^ ' ' ' ^ ^^+2]' ^i^Vi ^ 
Xi,yi. The class of the cocycle T2g^^~^^ G (6_, C[a;^"^, ^^^2]) defined 

by (T2y2«^+i) {Q±) = T2{g^''+\Q±)) coincides with the class of 
write T2g^^~^^ + f'^f^+^ = dtp. After the identification of C[x^^ ^ ■ ■ ■ ^ x'^^^^] with 
C[pi,- ■ ■ ,P2k+3], we obtain the conditions on jChx-i^p = 2Sj^2k+i, jC^x-itp = {^)2k+i-i, 

'C/A-'V' = -P2k+i-z- Posing tpipi, p2,- ■ ■) = '^(j^Q second 

condition is translated into = {^)2k+i-i- 

Let us write piX~^ + P2X~^ + • • • = exp (InA""^ + Inpi + "^^yi riaX~"), then 

S«>ol^l?r =3^ ^^'^^ " ^° Sa>0P*-«ljr = -^^^ and = (i)a-fc. 

We thus obtain tp = ?y2A;+i, and check that the other conditions on tp are satisfied. 

We have finally T2Tip^+^ + T2g'^^+^ = (/(-T26-t+i), and T2g'^^+^ + P^+^ = 
d(r]2k+i), so that T/^'^+i - Z^'^+i = (/(-T26;t+i - V2k+i). T26;t+i + ??2;t+i is the 
conserved density corresponding to cocycle X'^^'^^h, it is expressed in terms of Xi and 

m as the coefficient of A"^*^""^ in the expansion of In-Sf^. Similarly, we can show 
that the conserved densities representing the class hX^^~^^ are proportional to 

•^^,2^+11 ^k+i dX 2k+l^ Ck+i 

resA=oo -;-A ^ In— , or resA=oo -;-A ^ In--^^ — , 

^ ^k+i ^ '-'k+i 

and the conserved densities representing the class hX^^ are proportional to 

resA=oo ^A^'^ln^f^, or resA=oo ^A^'^ln^^^ , 
A Ak+i A Dk+l 

in the notations of sect. 3. 
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Theorem. — The conserved density of classical lattice sine-Gordon representing 
the class of is proportional to the coefEcient of in the expansion of 

ln(Aa;i/Aa;i + 1/yi + • • • + 1/Xxn) + ln(yi/yi + l/x2 + ■ ■ ■ + 1/yjv) 

with N > 2(n + 1) (we use notations of continued fractions); this coefEcient becomes 
independent of N in this region. 

So these classes can also be represented increasing the indices of -B/t+i, • • •, e.g. 

]^X'2k+i -g g^igQ represented by res^o ^A^'^^-^ln ^f"'"^ , k' > etc. The first inte- 

+1 

grals of motion are + {yiXi+i)~^ and Y^.ixiy'j x^j^i)~'^ + \{x'jyl)~'^ + 

Remark. Assume that these integrals of motions (here denoted by /^^) admit quan- 
tizations Ik- Consider the case where q is as root of 1, = 1. Then it is natural 
(assuming commutativity of Iks) to compute tr (nA;>o ) i trace is taken in the 
module C[a;i, yi]/(a;" = Xi^y^ =Yi). This trace is a function of X^, YJ, and (recalling 
the Poisson action of an algebra on its center at roots of 1) we will have, 

{E^-t^dl = iY^y^Mll Ik')} = 

A;>0 A;>0 

(since the corresponding commutators are always zero). We deduce that the Pois- 
son brackets of {^Xi)^ and (^yi)" with tr {Ylkyo^k'') zero ; remark 
that the first quantities are and ^Yi. Note that ^^{Ylk>o ^k'') form 
EI=i Ea=i Ezi<...<z, • • • ^s,s{^s), the m^f^ being polynomials in X,, Y, and 
P{i) denoting the polynomial P, translated by z, with the tensors ^^'-i rriis ® ' ' ' ® 
m" g totally symmetric. The commutation of tr(]^^^Q/^*) with ^^Xi and ^^Yi 
imposes that the m"^ are densities of the classical integrals of motion /^^(Xi,Yi); 
substracting then to tr(]^^^Q ^-k'') appropriate polynomial in /^^(X^, YJ), we ob- 
tain an expression of the form E^_| EaLi Si < - <i '^f ' ' ' ''^s si^s)^ commuting 
to S- Xi and S- YJ. By induction we see that tr(]^^^Q ^k'') ^ polynomial in the 
classical integrals of motion I^^{Xi, YJ). 
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7. An other lattice version of the sine-Gordon system. 

An other way to discretise the sine-Gordon system is the foUowing : we consider 
a system of variables x^^{i G Z) on the hne, with XiXj = qxjXi, i < j , and define the 
screening actions to be Q± = xf^, ■]q. 

Classical limit of these operators are the vector fields Q±{1) = i ^ ^^^' (^^ "I" 

2E,>^ 9I7) ("^^ = ^^'■)- = [^+(2^ + = 

if(2z + 2), [if(2z),(5±(l)] = ±2(5±(2z + l). This is an action of 6_ on C[x^\ • • • , 

Denote still by Q±{2i-\-l), H{2i) the action of the above operators on C[a;j'^"^ , • • • , x 

and by Q± (2i + 1), H(2i) their action on C[a;^"^ , ' ' ' ? ^^^]- Then we have the formu- 
las : 

Q+{2n + 1) = e"" ^ + e""(if(0) + • • • + H{2n)) + ((5+(l) + • • • + Q+{2n + 1)) 

-e2""((5_(l) + --- + (5_(2n-l)) , 
Q_(2n + 1) = -e"""^ - e-""(if(0) + • • • + if(2n)) 

- e-2""((5+(l) + • • • + Q+(2n - 1)) + ((5_(1) + • • • + (5_(2n + 1)) 
d 

H{2n) = 2— + (2if(0) + • • • + 2if(2n - 2) + if(2n)) , 

OTo 

- 2e""((5_(l) + • • • + (5_(2n - 1)) + 2e-""((5+(l) + • • • + Q+{2n + 1)) 

This allows to show that the values at the point a;i = -- - = a;jv = lof these vector 
fields are given by 



(1 + A)^'^-^ + (1 - A)^'^-^ d 
(1-A2)^ 

1=0 k=l 



H{\) = J2h{2z)\^,=,\'^ = Y, 



00 



'^-l -(1- 

(l-A^)*^ ar. 



JV 



{\ ^ Xf^-^ - {\ - Xf^-^ d 



Q+(A) = 5]Q+(2z + l)|.,.=iA^^+i = 5] 

i=0 k=l 

00 

Q-{X) = J2 Q~i^^ + l)|x,.=iA'*+^ = -Q+(A) . 

i=0 

These vector fields span the tangent space at xi = • • • = xjv = 1 ; the stabilizer of 
their action is the subalgebra of 

ajv = a -\- {1 — A)^6_|_ -|- s , 
where a = ® CA*(e -|- A/) is the principal commutative subalgebra, and 

i>0 

s = ® C[f (1 + tfift + h-^) + {-ty{l - tf{-ft + h + ^)] (here = \) . 

i>0 t t 



11 



We have [a, s] C s, [s, s] C (1 — A)^n_|_ Ha, and we can see that ajv/[ajv, ajv] is spanned 
by the classes of A*(e + A/), i = 0, • • • , iV — 1. 

We have a map H^(b-^-, C[x^^ , • • • , a^^"^]) — ^ if"^(ajv), since by Shapiro's lemma, 
we have an isomorphism (b-^-,C[[xi — 1,---,xn — 1]]) — H^(aN)- The injection 
C[x^^ , ■ ■ ■ , x^^] "-^ C[x^^ , ■ ■ ■ , x^\^-^^], Xi I— > Xi, is a morphism of -modules and 
induces the natural map if"^(ajv) — )• if"^(ajv_|_i) in cohomology. 

Let us now compute the injection T : C[a;j'^"^ , ' ' ' ? ^w^] ~^ ^[a;^"^ , ' ' ' ? ^w^]? 
in cohomology. The image of the cocycle tp will be defined by {Til)){Q±) = 
T{il){Q±)). By the above formulas for Q±,H, we then have 

(TV')(Q+(2n + 1)) = x,[Tp{Hm + • • • + V(i?(2n))] + [4^{Q+{1)) + • • • 

+ V(Q+(2n + 1)] - [V-lQ-ll)) + • • • + m-i^ri - 1))] 

(TV')(Q-(2n + 1)) = -x-'[i^{Hm + • • • + V(i?(2n))] + [V-lQ-ll)) + • • • 

+ V(Q-(2n + 1))] - [V-lQ+ll)) + • • • + V'(Q+(2n - 1))] 
(TV')(i?(2n)) = [2V'(i?(0)) + • • • + 2V'(i?(2n - 1)) + i^{H{2n))] - [il^{Q-{l)) + ■■■ 
+ V(Q-(2n - 1))] + 2[V'(Q+(1) + • • • + V(Q+(2n + 1))] . 

We then compute 

(TV')((5+(2n + z) + (5_(2n + 1)) = V'((5+(2n + 1)) + V'((5-(2n - 1)) . 

It means that T and / are equal in cohomology. So we will have, denoting by 
IM{xi , • • • , xjv) the integrals of motion which can be expressed as ^ ■ P{xi-\.i , • • • , Xi_|_jv) 
[P is a formal series in xi — 1, • • • , xjv — 1] : 

Proposition. — 

N-l 

1) IM{xi, • • • , X]\f) is a graded linear space, isomorphic to if (ajv) = ® CA*(e + 

1=0 

A/)*. 

2) The natural map IM{xi , • • • , xjv) — )• IM{xi , • • • , a;jv_|_i) commutes witi tie nat- 
ural injection of the corresponding graded spaces. 

In other words, we have a "new" integral of motion for each N . 

Note that by inductive limit the space of all polynomials in xi, • • • , xjv, • • • gets 
identified with Fun (iV_|_ /A) and we can hope to describe the action of the integrals of 
motion on this space in a way analogous to [FF]. We can also hope that the elements 
of IM{xi, • • • , xjv) are equivalent to the Faddeev - Volkov integrals of motion ([FV]). 



12 



8. A geometric interpretation of the screened local quantities. 

Let us denote by E"*" and E~ the quantities ^j>o ^i, ^j>o Vi the action of n_ 
on the Poisson algebra generated by them, C[E~'", E~, • • •] can be naturally prolonged 
to an action of s^2((^)), on the following way : as n_-module, C[E~'", E~, • • •] can be 
identified with C[iV_|_], endowed with the dressing action ; this action is compatible 
with the left action of n_, by the mapping iV_|_ — )• G/B- ; since this mapping is a 
dense embedding, the left action of ^ = s^2((^)) defines an action of ^ on iV_|_. Let 
d-\-,d- be the operators on C[E~'", E~, • • •], corresponding to the generators of n_|_. 
Then d-\- and d- are derivations, and we have for example C?£(S^ ) = 6^^/^ e,e' = + 
or — . 

We can now define the action of ^on C[a;i, y^, E"*", E~, • • ■]d<i<o = C[a;i, yi]d<i<o® 
C[E~'", E~, • • •] by {E^,-}' for the n-part, and 1 (E) d± the n_|_-part. Recalling that 
{E=^, •}' is expressed as Q± (g) 1 ± (g) m(E±) + 1 (g) {E±, •}' [sect. 2], we see that 
these formulae indeed define an action of y on C[a;i, y^, E"*", E~, • • ■]d<i<o- 

Let us interpret this algebra as a function algebra on a homogeneous space of 
g. We have C[x,,y,]d<^<o (g) C[E+, E", • • •] ~ C[B-/B- B"^ x iV+], for a certain 
Weyl group element w ; on B-/B- D B^ X iV_|_, the action of n_|_ is given by the 
product (0, right translation), and the action of 6_ is given by the vector fields 
Q±(g)l±^H (g) m(S±) + 1 (g) {Ei, •}'. Consider the mapping B-/B- H B"^ X N+ ^ 
G/B- n B"!!, {h-{B- n B'^),n+) ^ n+b-{B- f] B"^), and let us show that it is 

y-equi variant. For the part n_|_, it is clear. The action of Q± G h- on the right is 
n_|_(n^ Q±n-\.)-\.h- -\-n-\.{n'^ Q±n-\.)Qh- -\-n-\.{n'^ (5±'^+)-^- where indices + , 0, and 
— are the projections on the components of y = n_l_ + C/i + n_ . But, (n^"^(5±'^+)- = 
Q±, and (n;^^(5+n+)o = 6o|, (?^+^(5-?^-)o = ci|, with n+ = exp(6oe(0) +_ci/(l) + 
+ •••), and 6o and ci are respectively identified with E_|_ and E_ by C[E_|_, E_, • • •] ~ 
C[iV_|_] ; this proves the claimed equivariance. 

Let us concentrate now on the identification of these spaces as Poisson manifolds. 
The identification C[S~'", S~, •• •] ~ C[iV_|_] is also an isomorphism of Poisson algebras. 
Let us identify now the Poisson structure on B- / B-OB^^ given by C[B- / B-OB^] = 
C[xi^yi]-d<i<o. Recall that the map C[iV_|_] — )• C[a;i,yi] is a Poisson map, and so 
the map from (C*)2'^ to N+ H (B-wB-) [symplectic leaf of N+] is Poisson. Let us 
consider now the map iV_|_ fl (B-wB-) — )• B-/B- D B^. The group B- acts in a 
Lie-Poisson way on both sides ; it means that on the right side the Poisson structure 
is the structure such that the projection B- — )• B-/B- D B^ is Poisson [such a 

structure exists since if = b- D S(s^) C D plus some left-invariant 
bivector. To compute this bivector, we remark that the two maps 

N+ n (B-wB-) B-wB- B-/B- B"^ 

should also be Poisson, where on the two first spaces the Poisson structures are given 
by the embeddings in iV_|_ and G respectively. So it is enough to compare the Poisson 
structures at w in the second space, and at e{B- fl B^) in the third one. Denoting 
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by r the element of K^'g representing the trigonometric r-matrix, we find that second 
bivector is r — wrw~^ . It means that the Poisson structure on B-/B- fl is such 

that its embedding in G/B- fl B^, with structure — (wrw~^ )^ [exponents L and 
R mean left and right action of A^^], is Poisson. 

Finally, note that the Poisson structure on B-/B- fl B^ X iV_|_ corresponding 
to that on C[a;i, y^, • • •] is such that the projections on each factor are Poisson, 
and {/,</} = (deg /)(deg y)/y, if / and g come respectively from the first and second 
factor. On the other hand, the map B- X iV_|_ — )• G , n_|_) i— )• n^b-^ is Poisson, if 
G has the Poisson structure — {wrw~^)^ , and B- X iV_|_ has the Poisson structure 
such that first projection on composed with embedding in G, with Poisson 

structure — {wrw~^ )^ , is Poisson, as well as the second projection on A^_|_ with 
usual Poisson structure, and functions coming from different factors have the same 
brackets as previously. (G is here the product iV_|_ X the factors of this product 
being completed in the topologies of C[[A]], resp. C[[A-^]]; it is not a group but has 
actions of y by left and right translations.) 

To summarize, we have : 

Proposition. — The morphisms of Poisson algebras C[E^, • • •] ^ C[a;i, y^, E^, •••]—)• 

C[xi^yi], (the latter mapping is obtained by factorizing the Poisson ideal generated 
by E"*" and are respectively y- and n--equivariant and are dual to the map- 

pings of Poisson manifolds B-/ B- fl B^ ^ G/B- fl B^ — )• G/ B-, where the second 
manifold has Poisson structure — {wrw~^ )^ and the third has Poisson structure 
(where r G A^y is tie trigonometric r-matrix). The morphism of Poisson alge- 
bras C[xi^ yi] — )• C[xi^yi^ E^, • • defined by Xi^yi i— )• Xi^yi, is dual to the projection 
G/B- DB"^^ N+\G/B- DB"^ ^ B-/B- B"^. 

Let us now determine to which operations of homogeneous spaces correspond the 
natural embeddings of algebras of screened local quantities. Let a < /3 < 7 be three 
points or the line ; then the embedding C[a;i, y^, E-t, • • •]/9<i<-^ ^ C[a;i, y^, E-t, • • •]Q-<i<-^ 
corresponds to the natural projection G/B- fl B^ — )• G/B- fl B^ (here S_|_ = 
Ez>7^*5 ^- = Ez>7y*)- Let us pose now E+ = Ez>/?^*5 ^- = Ez>/?y*5 and 
let us consider the embedding C[x,,y,,T^±, ■ ■ ■]a<t<fi C[a;^, y^, E±, • • •]q,<^<^. It 
corresponds to the mapping A^_|_ X Q'^(~f-<^+'^) f\[_^ x C^*^'^"""'""^-', (xi^yi^n^) 1— > 

x,,y,,n+nf=7 (^J (^Xx- J))- The identifications of C2(t-«+i) and C2('3-«+i) 

with B-/B- n J^^'<-" and B-/B- fl J^^i^-" are {xi,yi) 1— )• class of 6_, such that 
nf=^^ (y^X ■ h-W-f-jjB- [resp. same formula with /3 replaced by 

a], so the mapping iV_|_ X QP'h-<='+'^) _). G/B- fl J^^~i-" (n_|_, x^, y^) 1— )• class of 
n_|_ ]^"_^ i^y^ . 1^ ^0 w-y-cc This proves that the initial embedding corre- 

sponds to the mapping G/B- fl J^^'<-" G/B- fl j^^i^-" ^ class of y 1— )• class of 
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The algebra C[a;^, y^, E^^, • • •]^<o is the union of algebras C[a;^, y^, E^^, • • •]_jv<^<o, 

which is the function algebra on the projective limit of • • • — )• G/B- D 

G/B-. This projective limit is G/{S^ — > B)- [where (S^ — > B)- is the group corre- 
sponding to the Lie algebra (S^ — > 6)_ = C[[A~"^]] (x) b]. The Poisson structure on this 
space is then — {wooT'w^)^ , where WooT'w^ is the r-matrix corresponding to the 
Manin triple (y, (5^ ^ n) ® {S^ Ch)+,{S^ U-) ® (5^ C/i)_) in notations 
generalizing the previous one. 

Then the embedding C[a;^, y^, • • •]^<o ^ C[a;^, y^, E^^y, • • •]^<jv corresponds 

to the projection G/{S^ — > B)- — )• G/{S^ — > B)-, class (y) i— )• class (gw^)- This pro- 
jection can be viewed as the composition G/(S'"^ B)- — >G/w^^(S^ B)-wn ^ 
G/(S^ — > -B)-, where the first map is class(y) i— )• class(yt/;jv) and the second is the 
natural projection. Note that the Poisson structure on the second space, induced by 
the first map, is — (w^^ (w 00^10^)10 n)^ = — (woofw^)^ . 
We obtain : 

Proposition. — The inductive limit of algebras C[xi, yi, E^^y, • • •]i<jv, is identiHed 
with functions on G/{S^ — > H)-, with Poisson structure — {wooVW^)^ , and 
action of screening operators given by left translations by The inductive limit 
of algebras C[xi,yi]i^N Is identified with functions on B-/(S^ — > H)- ; Poisson 
structure and injection of this algebra in the latter are given by 

This is because {S^ — > H)- = r]fsi{w~^^ {S^ — > B)-Wn) [here H is the Cartan 
subgroup of B] . 

9. Commutativity and geometric interpretation of the integrals of motion. 

We are now able to give a geometrical description of the Hamiltonian vector 
fields generated by the integrals found in 6. The action of these vector fields on 
limC[a;i, yi, S^jy, • • •]i<jv corresponds to vector fields on G/{S^ — > H)-, commut- 
ing with the left action of Let us show that the vector field generated by 
integral Ik (let us denote it Vj,. ) also commutes with the left action of 6_ . In- 
deed, [Vr;,,c?±] should commute with {E-i-,-}'. Pose = [Vi^,d±]. We compute 
X^. (polynomials in Xi,yi) = 0. We deduce that vanishes on the smallest subal- 
gebra of limC[a;i, y^, E^^y, • • •]i<jv containing the polynomials in Xi,yi, and which is 

{S-l-,-}' stable ; this algebra is the full algebra, and X^ = 0. So, vector fields Vif. 
can only be given by right translations by elements of (S^ — > C/i)_|_ [Ch = Lie(H)]. 
In particular, we see that these vector fields commute, and so the integrals of section 
6 are in involution. 

Remark also that the integral of motion corresponding to {n > 0) involves n 
dots on the line and so should map Fun {G /w~^^{S^ — > B)-Wn) to Fun {G / {wfsiWn)~^ 
{S^ — > B)-WN'Wn), it means that it corresponds to the right action of a linear 
combination of elements , 1 < k < n. 

We conclude : 
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Proposition. — By the identiGcations of last proposition, the HamiHonian vector 
held corresponding to the integral I{h\^) found in 6, acts on lim C[a;i , , S^^y, • • •]i<jv 

and on C[xi,yi]i^z as tie right action of a linear combination of elements h\^, 1 < 
k < n, on G I {S^ — > H)- and on N-^-\G / (S^ — > H)-, respectively. In particular, 
these integrals are in involution. 

Let us give an explicit form for these vector fields. The identification of C[xi,yi]i>i 
with C[B- /(S^ — > B)-] associates to the point (xi,yi) the class of the matrix 
1 P' 



Q ^ ., with p = l/\xi + 1/yi + l/\x2 + • • •. Let us describe now the maps 

B-/{S^ B) ^ B-/w~^{S^ B)wi B-/{S^ B) whose composition is 
dual to the embedding C[yo, x^, yi]i>i ^ C[xi,yi\iyi. The second map is the nat- 
ural projection, and the first is constructed as follows : to the class of 

associate the double class of 6_, such that t^i G N-\.h-W^^ {S^ — > B)-Wi, 

withw,= ^l "o )• We have (J u^i G Q I) (S' ^ 

B)-. At the next step, we multiply hy wq = / ' ^^^^^ \ ^ j ti'o G 



(o 'i'')(o ^"]^°) (-^^ ^ ^""')-' obtain 

where p = pi\~^ + • • •, cr = ctq + ai\~^ • • • = (^)<o, and indexes < or < mean to 
take only < (resp. < 0) powers of A. 

Iterating this procedure we obtain for variables (x-jv, y-jv, • • •) the equality 



1 l/Xx-N + l/y-N---\ f X-'^ 0\_f 1 0\ f 1 y-N\ fl yo 

N 



1 / \ / \ \x-N 1 / \ 1 I \ 1 



•(J l/Axi + l/yi+---^ _ elementof (5^ ^ 
Writing the element of (S^ — > B"'")- on the right side 1^(^0 



/ 1 -l/Axi + 1/yi • • • \ / 1 -yo 



that the first columns of this matrix and ofA.^ ^ /\01 

I (I coincide. We deduce that 

b = -[(yo + 1/Axo + 1/yi + • • • + 1/Ax_iv) + (1/Axi + 1/yi + • • ■)]-\ 
In conclusion, we have : 
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Proposition. — The identiUcation of C[xi,yi]i^z with C[B-/{S^ H)-] asso- 
ciates to the point (xi^m), the class of the matrix 

^(1 1/Axi + l/yi + ---\ / 1 
" \0 1 ^-[(yo + l/Axo + 1/yi + •••) + (1/Axi+l/yi + •••)] 

The vector fields given by the integrals of sect. 6 are combinations of the flows 

dnb- = {h-X^hhZ^)-h-,n> 

[6_ is the class of b- in B-/{S^ H)-]. 

Note that the change of origin point is performed by the sequence of maps 

(wi has to be replaced by wq at the next step). Since wq and wi commute with 
hX^^n > 0, these maps commute with the flows, as we could expect. 

Observe that expanding 6_ in powers of A~"^, we obtain functions concentrated 
near the origin ; as the power of A~"^ increases these functions involve more variables. 
This reminds the continuous case, where these functions are differential polynomi- 
als at the origin, whose degree increases with the power of A~"^. Note also that 
the equations obtained have some features of the non-linear Schrodinger equation 
(intervention of the homogeneous subalgebra). 

10 Semilocal quantities 

The variables treated above where localised near the origin ; the group elements 
of Nj^\GI{S^ — > H)- can be understood as a discrete version of the "monodromy 
at the origin". To explain this expression recall the situation in continuous case. We 
have the dressing identity ([DS]) 

oo 

d + K + (i)h = n{d + A + ^M^A"*)n"\ 

i=0 

cf) = (f>{x)^ Ui = Ui{x) are differential polynomials in ^, n = n{x) a matrix of iV_ with 
coefficients differential polynomials in cf). The monodromy between a and h has the 

form UaC^ "-'^~'"Si=o la "'^ f^h^ ■ When 6 — a > and A — )• -|-oo the asymptotic ex- 
pansion of this is |e*^^~"-'^'^na(l -|- "^)^ "^h^ • -^^^ a = this is identifled 

with naAn~^, i.e. with the class of in iV_|_/A. 

As was shown in [E], the element of N^/A obtained in this way corresponds to 
the one provided by the construction of [FFl]. * 

* Let us remark that a result of [FF2] follows from this: the fact that the n-th 
KdV flow corresponds to the right action of = A"(e -|- A/), indeed, it is shown 
in [DS] that this flow is dn{naA) = (naa-nn~^ )-naA. 
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We have also monodromy variables living on the two half lines, M°_^ ~ (1 + 
^)^M1:T=. r-oo^^^->a' and ~ n,(l + ^)exp(E::or«^A-0; let us 

show how the equivalent variables = naexp(ib A"*)' obtained 

in terms of screening action. 

Let us note that the vector fields = e^^'^*^"-' { e^^'^, •} act on the algebras 

C[^*^*-'(a), Ui\. We have then the pairings 

/•±00 (-±00 



(T,P)^(TP)(<^,<^',..., / u,)^(TP)(<^ = 0,<^' = 0,---, / = 0) 

./a ./a 

inducing mappings C[^*^*-'(a), /j'^'^ t^i] — ^ C[iV_]. 

Proposition. — These mappings are isomorphisms; the projections (^*^*-' (a), J^°° Ui) ^ 
(^*^*-'(a)) correspond to the natural projection N- — )• N-/A ; the actions of inte- 
grals of motions correspond to the restriction to N- of the right action of a_|_ on 
B+\G ^ N-. 

Proof. Let no = Q J^,ni=(^J "^^ ^ ; for z = 0, 1, let M±(A),;, = n,M±(A). 
Then (A) (resp. M± (A)) is a differential polynomial in —<f>' + <f>'^ (resp. <f>' + 
and so the action of (resp. Q- ) on it is trivial. So, (5+M±(A) = " (^3 o) 

(5_M±(A) = (J^ M±(A). This shows that the image in 5^2 (C[iV_](g)C((A-i))) 

of M^(A) is the canonical matrix of elements of C[iV_] (x) C((A~"^)). This proves the 
surjectivity; for the injectivity, we see that elements ^*^*-'(a), and J^°° Ui can be ob- 
tained by combinations of the coefficients of A* in matrix elements of M^(A). The 
last part follows again from the form of the flows on the dressing operator, shown in 
[DS] ; a.M± = {naa.^n-')+M^ = {M^a.^M^y'J+M^ . 

The lattice versions of the modules C[^*^*-'(a), ^ Ui] are C[a;i, y^, ^^.^ Ii{k)]; 

it will be more convenient to analyse flrst C[a;i, y^, ^^.^ /^(A;), E^, {E"*", • • •] 

{Ii{k) is the A;-th conserved density obtained in 6, beginning at point Xk)- We de- 
flne an action of y on this algebra as follows: the action on variables x^, y^, E^, • • • 
is unchanged; writing Q±lt{0) = (T — 1)/^?^ we set Q±{J2k=i ^^(M) = ~ft 
Q±iEk=o W) = ft- flnally a±(ES W) = H{Et=o W) = 0. By the idem 
tiflcation C[xi^yi]iyi ~ C[]3-/(S^ — > and /~ are respectively identifled 

with the functions of the class of and —pi [p = ^j>;^ pi\~^]. Since the 

embedding of C[xi,yi]iXj in C[xi,yi,'E^ , ■ ■ ■]i£z is the natural map C[B-/(S^ — > 
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B-)-] — > C[G/{S^ — > H)-], these functions in turn correspond to the functions of 
the class of n_|_ 1^^^"'^ 1^'^ ^ ^ ^[[^~^]])- 

Let us consider now the ^-module C[G / H] (the action is by left translations). 
Write elements of G under the form n_|_ 1^^^"'^ l)(^^0 -"^ Pt^^ ^ 

A-iC[[A-i]],aGC[[A-i]],n+GiV+. 

Then if a = ^^yi oiiX \ the ai are n_|_ -invariant, Cg^\-iai = and Cfa = —p. 

So we can extend the identification C[xj,yj, 



oo 



C[x„y„E±,...,J]/,(A;)]~C[G/if] 

A;=l 

byEfcli^*(^) ^ az,andtoC[a;j,yj,!]=^,---,X)^:r^^z(^)] - C[G/if], by X)^:^^ ^z(^) ^ 
— a^. The subrings C[a;i, y^, ^,^=0 -^«(^)] being the intersections of the kernels of d-\- 
and d- are then identified to C[N-\.\GIH]. 

The elements of S'-L2(C[a;i, y^, /^(A;)] (x) C((A~"^))), corresponding to the 

element 6_(A) of SL2{C [iV+\G/if] (g) C((A-i))) (provided by 5_ ^ iV+\G) are 
then 

1 l/Axi + l/yi + .-A / 1 0\ V^^A-'/.^^^^i.W 

1 ^^-[(yo + i/Axo + •••) + •••)]"' ly " 

and 

1 l/Axi + l/yi + ...\ / 1 0\ -E^.^^A-'-.^^^^/.W 

1 ^^-[(yo + i/Axo + •••) + •••)]"' ly " " ■ 

Recalling the identities 

z>l A;>1 ' ^ ' 

and 

1/yo 1/Xxo 1/y-i 



exp(-5]A-^5]/.(A;)) = - 



^^j, l/yo + l/AxiH l/Axo + l/yoH l/y_i + I/Axq + 

we obtain the form of these matrices in terms of variables Xi and m. 

Let us study now the homogeneous spaces interpretation of lattice translation. 
From the equalities 

1 a\/l 0\/t 0\/0 -A-i\ / 1 0\ / 1 



lj\b 1J\0 t-MU ; Ijyi-^ 1 



1 -a(l + ab)\ ( aXt-^ 

1 y V 
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and 



1 0\ (\ a\(t \ fO -1\ (\ i\ (\ \-l 



6 1 / V 1 / V t-w v 1 y \o 1 y vo ^ 

1 o\ f-l/(bt) 

-6(1 + a6) 1 y \ -6t 

with a G A-iC[[A-i]], 6 G C[[A-i]] and t G C[[A-i]]^, follows that right multi- 
plication by afSne Weyl group elements in N^\G / H transform the above matrices 
into the matrices with shifted arguments Xi and m. This refines the result obtained 
previously about translations. 

Let us describe now the elements of SL2{C[xi , yi, ^^.^ /i(A;),E^, • • •](x)C((A,A~"^))) 
corresponding to the element g{X) of SL2{C[G/H] (x) C((A,A~"^))) provided by the 
projection G — > G/H. The projection G/H — )• G/{S^ — > H)- sends it to 

A /^i -yA ( ^ ^\ i/Axi---\ / 1 

i=oo 

according to 8, and the projection G/H ^ N^\G / H to 

1 J [-[yo ■■■]-' V 

J^exp(-^^>^A-*/i^^<(,/,(A;)),resp.]. Sothese 



matrices are 
1 



n 

i=-\-oo 

and 
1 

n 

i=-\-oo 



1 j I -Ax, M 1 j v-[yo---]-' 1 



1 J I -Ax, M 1 j v-[yo---]-' 1 



Let us pass to the Poisson structures on G / H and N^G/H induced by these 
mappings. Note first that y acts in a Lie-Poisson way not only on C[a;i, y^, E^, • • •], 



but also on C[xi,yi,'E^ , ■ ■ ■ Ii(k)]. Recall that this means that X{f,g} = 

'^X^-^^fX^'^^g + {Xf,g} + {f,Xg} for X G y , /, y in this function algebra, with 
SX = ^X^^^ (x) X*^^-* the cobracket of y. We can check it replacing ^,^=0 
(1 — ) ^^-^ Ii{k) and letting N to iboo, using that T is a y-module map. 



We thus obtain that the Poisson structure on G/H is of the form 



moreover, the projection on G/(S'"^ — > H)- with structure — (tWoo'^ti'oo^ )^ is Poisson, 
so r' = Woorw^ + ro, ro G (S^ h)- A y. 
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The space N^\G / H has a Poisson structure corresponding to the identification 

±00 ^ 
of its function algebra with C[xi^yi^ ^ -^i(^)] j it is such that the projection G/ H ^ 

k=o 

N-^-\G/H is Poisson, so it is given by the bivector —r'^. The right muhiphcation by 

W2 = (^'^ ^ is an automorphism of this Poisson manifold, since it corresponds 

to the translation Xi 1— )• Xi-^-i,yi 1— )• yi+i. So we have r'"'^ = r', and so ro G {S^ — > 
h)-A{S^ h). 

Let us show now that ro G {S^ — > h)-^- A (S^ — > Write the element 

of S'L2(C[a;^,y^,X)yt>o ^^(^)] ® C((A~^))) under the form 6_ = ; then 

(/ = exp(— ^ A~* ^ Ii{h)). The Poisson brackets {/^(A;), are polynomials 

i>l A;>0 

in x~^^y~^ without constant terms (since the Ii{k) themselves are polynomials in 
x~ , y ~ ). So we should have {c/(A), c/(/i)}|(;.=g.(j = 0. On the other hand, if x G 

R{x)h- = {h-xhz} )-h- vanishes at the origin of B-. So the value of r' at the origin 
is the projection of ro in f\^{S^ — > h)- along {S^ — > h)- A {S^ — > Writing this 

projection ^ ra/sha Ahjs, we find {<i(A), <i(/i)}origin = ^ ?"a/?A"/i'^ ; so this projection 
is zero. 

Let us try now to determine ro- Elements of G/H being written gH = n^ri-H^ 
with n_ = ^ ^ ^iid n_|_ — (^\^^ T-f^ ) should have {bi , d} = dp = 

c, {co, (/} = by the identifications 61 = — S"*", co = — S~ and d = e^'>^ ^ S*>i ^''^^^ 
(because on ^,t>i Poisson brackets with hi and co coincide with the actions 

of Q±). After computations 

r^(6i ® (/) = , 

■ ■ V 

eV (g) /A"* - fy (g) eA"* (61 (g) (/) = -X'Hd^ 



au' 



d 



/iA* (g /iA"* - hX-' (g /iA* (61 (g (/) = -2X-Hd^ 



r^(co (g (/) = c , 

.2 



eA* (g /A * - /A* (g eA M (co (g c/) = 



7 



j J^/iA* (g /iA"* 

\z>0 



/iA * (g /iAM (co (g (/) = 2ac(i 
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so 



ViGZ i>0 




= - {wooT-wJ;)^ 

give the right brackets {61, c/} and {co,<i}. 

Let us show that this structure is the only possible on G / H : we know that any 
other structure differs from this one by the addition of some A^, with A G (S^ — > 

A (S^ — > h)-. On the other hand, functions of n_|_ should commute with d in for 
the structure defined by A because we have {61, d}A = {cq, <i}A = and the Poisson 
algebra generated by 61 and cq is the set of functions of n_|_. But 

{^A^jhy(g)hiJ^)^{n+(g)d)= ^ A^jn+{n-hynZ^)+l^^ difi) , 

i>0,j<0 

SO for any j , ^ Aij(n_/iA*nI"^)_l_ = 0, so A = 0. 

•1 • /l /l 0\ V A-'feV Ji(A;) TP 

Let us consider agam g = n_|_ r, e^'>^ ^k>o _ it wq = 

A "0 )^9^o = n'^^l, J) (J ''Je-S-^' ''^^withnV = n+(J 

and cr' = -1/yo + I/Axq + 1/y-i, • • •, = [Axi + 1/yi H h (1/yo + I/Axq • • ■)]~'^ ■ 

If S = ^iyi SiX~\ Cf-x-iS = —X~^a', CfS = 0. On the other hand if Ii{k) is the 

integral of motion obtained in 6, ending at y^t, we have Q-(^,t<o -^«(^)) ~ ^ 

Q+(^k<o -^«(^)) ~ dt ^ which is identified with (li-i. This allows to identify S with 

— "^i^i A~* ^,t>o ^ii^) case of the module generated by ^,t>o ^i(^)^ with 

Sz>i Sa;<o -^*(^) So, yt«oe ^'>i = ^ j;, (^g 1 

• e ^i>i ^ Sfc<o = Let us determine the Poisson brackets of g' . 

The Poisson bracket {Ii,g} is a right translation gai, ai G {S^ — > h)-^- [we 
know from sect. 9 that it has the form {/i,y} = g(ai + (Si — > /i)-), and the brackets 

{y(x),ye Si>i"^''^ '*} have the form r-^ — (t«oo?'^i^i^"^)"^ — ^i(ai + (5'"^ h)-)(S)X~^h)^ ; 

the action of y on {y (g)^ ye Si>i"^"'^ '^j is again Poisson-Lie, so the vectors of 
(S^ — > h)- are constant ; repeating the reasoning above, we see that the bivector 
has no (S^ — > h)- (g) (S^ — > h)- components, and {Ii,g} = gai.] Then the Poisson 

brackets for gwo are given by — (woWoofw^ Wq^)^ ^ and on gwoe ^'>i ^ by 

Let us determine now the Poisson brackets of y' using the writing g' = n' , ^ 

P A^i>i /-^k<o ^ Poser? — ^ and 

1 " " ■ ~ \\b[ + --- ! + ■■■ J''^'''^ \a' 1 
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X~^b, and {co,a} = —Q-(a) = 0. But 



r^{c'o (g) a) = 0, 

R 



j ^ eA* (g) /A ' - fV (g)e\ M (cq (g) a) = , 
VzGZ / 

I ^ /iA* (g /iA"* - h\~' (g A* 1 (c'q (g a) = -2ca^ 

\z>0 / 



and 



r^(6; (ga) = A-^6 

1^12 



SO 



[ eA* (g /A"* - /A* (g eA-M (g a) = - 

lj2hy(E) h\-' - h\-' (g hV I (6; (g a) = 2\-^aM 

- {wQiWoorw^w'^'^)^ - A"*/i (g - (g X~'h)^ 

i>0 



= r^ - J^(eA* (g f\-' - fV (g eA"*)^ - ^ J^(/iA* (g /iA"* - hX'' (g /iA*)^ 

zGZ i>0 

This shows (since WooVW^ is t/;o -invariant) that = —hX\ 

Theorem. — For each point of the lattice, there is a natural 7j-equivariant map- 
ping of the manifold with coordinates (x^, y^, E^, • • • , ^^.^ /^(A;)) to G/H ; the 

mapping corresponding to is {x^,y^,---) ^ nj=+oo (^q ^ (-Ax- l) ' 



"J 

-1 ^' 



1/yzH , c^z = -[yz-i + l/Ax^-i \-{l/\x, + l/y, ■ ■ •)] \ = [Ax^+i + l/y^+iH h 

(1/yi + l/Axi + • • •)]~"^, c- = —1/yi + l/Axi + l/y^-i • • •. These mappings are Poisson 
if we endow G/H with the structure — {wooVW^)^ [resp. — (w-oorwZ]^)^], 
where r is the trigonometric r -matrix ofg and superscripts L and R denote the bivec- 
tor field generated by left and right action of a given element. The Hamiltonian flow 
generated by the i-th integral of motion ^,tGZ corresponds by this mapping to 
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right translation by —hW The sine-Gordon Bow corresponds to left translation by 
e + \f. 

The passage from the mapping corresponding to point Xi to m (resp. from m 
to Xi^i is realised by right multiplication by the afRne Weyl group element wq (resp. 

Wi). 

Here W-oofwZ]^ corresponds to the Manin triple (S^ — > C/i)_|_ ® (S^ — > 

It is possible to define, at the matrix level "higher sine-Gordon flows" by the 
left translations by other elements of the principal subalgebra, eA* + /A*"*""^ (i > 1), 
commuting to the sine-Gordon and the "mKdV" ones (generated by the integrals of 
motion). We can think that these flows correspond to some differential equations on 
variables Xk and j/yt, which would become more and more non-local as i increases. 
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